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Time integrators and nonlinear solvers in the HPC “landscape”

Most models of physical systems are formulated in terms of the rate of change of some variable, e.g.

— Newton’s 2nd law:

— Chemical rate equations:  

§ Time integrators are used to track changes in solutions as time proceeds, allowing studies of the 
‘evolution’ of a model.
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”Sawtooth” reconnection in a tokamak (NIMROD)
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Time integrators and nonlinear solvers in the HPC “landscape”

Unlike spatial discretization or visualization that live at the bottom/top of the software stack, respectively, 
time integrators and nonlinear solvers typically live in the “middle.” Consider some PDE systems,

§ Using a “method of lines” approach, after spatial discretization, one considers the resulting ODE/DAE 
system:

— y contains all discretized solution components;  f or F encodes the physics & spatial discretization

§ Nonlinear solvers often result from steady-state (constraint) equations, or implicit time discretizations:

Equations for Slides

David Gardner

August 2017

1 CVODE

1.1 Initial Value Problem

dy

dt
= f(t, y), y(t0) = y0 (1)

ẏ = f(t, y), y(t0) = y0 (2)

y0 = f(t, y), y(t0) = y0 (3)

1.2 Nonlinear System

F (yn) ⌘ yn � hn�n,0f(tn, y
n)� an = 0 (4)

G(yn) ⌘ hn�n,0f(tn, y
n) + an = yn (5)

2 CVODES

y0 = f(t, y, p), y(t0) = y0(p) (6)

3 ARKode

3.1 Initial Value Problem

M
dy

dt
= f1(t, y) + f2(t, y), y(t0) = y0 (7)

Mẏ = f1(t, y) + f2(t, y), y(t0) = y0 (8)

My0 = f1(t, y) + f2(t, y), y(t0) = y0 (9)

1

3.2 Nonlinear System

F (zi) ⌘ Mzi � hnA
I
i,ifI(t

I
n,i, zi)� ai = 0 (10)

G(zi) ⌘ hnA
I
i,ifI(t

I
n,i, zi) + ai = zi (11)

4 IDA

4.1 Initial Value Problem

F (t, y,
dy

dt
) = 0, y(t0) = y0,

dy

dt
(t0) = y00 (12)

F (t, y, ẏ) = 0, y(t0) = y0, ẏ(t0) = ẏ0 (13)

F (t, y, y0) = 0, y(t0) = y0, y0(t0) = y00 (14)

4.2 Nonlinear System

F (tn, y
n, h�1

n

qX

i=0

↵n,iy
n�i) = 0 (15)

5 IDAS

F (t, y, y0, p) = 0, y(t0) = y0(p), y0(t0) = y00(p) (16)

6 KINSOL

F (u) = 0 (17)

G(u) = u (18)

7 Runge-Kutta (RK) Methods

7.1 General RK Method

zi = yn�1 + hn

sX

j=1

ai,jf(tn,j , zj), i = 1, . . . , s,

yn = yn�1 + hn

sX

i=1

bif(tn,i, zi)

hn = tn � tn�1

tn,i = tn�1 + cihn

2

@t⇢+r · (⇢u) = 0

@tu+ u ·ru+
rp

⇢
= g

@te+ u ·re+
p

⇢
r · u = 0
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@tu+ u ·ru� ⌫r2u = �r
✓

p

⇢0

◆
+ g

r · u = 0
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Time integrator overview

§ Let                                                .    . Then instead of requiring the solution at all time values, we only 
compute the solution at the finite set of times                .

§ A ”time marching” scheme computes these time-evolved solutions using a prescribed update formula:

e.g., explicit Euler,                                            , and implicit Euler, 

§ Time integrator types (explicit, implicit, IMEX):
— If     depends on          then the method is implicit, and requires a nonlinear solve of the form  

— If     does not depend on          then the method is explicit, in that the updated solution may be 
explicitly constructed using known data.

— Implicit-explicit (IMEX) methods arise when only some parts of      depend on         .

yn ⇡ y(tn), tn+1 = tn +�tn
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Time integrator overview (continued)

§ Time integration methods have multiple mechanisms for achieving higher accuracy:

— ”One-step” methods use multiple internal stages per step [Runge-Kutta, Rosenbrock].

— “Multistep” methods retain a longer history of previous solutions [Adams-Bashforth, BDF].

§ Linear stability: a method is numerically stable if for a desired        , floating-point roundoff error stays 
“controlled” throughout the simulation (vs growing out of control).  For a brief refresher, see here.

— An “A-stable” method is linearly stable no matter the         that is used.  This is only possible with 
implicit methods1.

— Non-A-stable methods have a maximum stable step size         for any given problem (in PDEs, this is 
frequently given by the CFL condition, wherein                     or                     ).

— Stability ≠ accuracy – just because a solution does not blow up, it is not necessarily accurate.

�tn
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1So-called “exponential” methods are explicit and may be A-stable, but require significantly more work 
per-step than traditional explicit methods. I know of no open-source HPC library that provides these.
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Choosing between explicit and implicit methods

§ IMEX: a bit of both – one chooses the splitting to balance ‘cheaper’ algebraic solvers and stability.

§ “Stiffness” helps us choose: “The stepsize needed to maintain stability of the forward Euler method is 
much smaller than that required to represent the solution accurately.” (Ascher and Petzold, 1998)

— Depends on Jacobian eigenvalues, system dimension, accuracy requirements, length of simulation.  
— For stability, stiff problems generally require implicit or IMEX methods, with robust nonlinear/linear 

solvers for each implicit step/stage.

§ DAEs nearly always require implicit methods to maintain stability due to the algebraic constraint.

Explicit Methods Implicit Methods
+ easy to conceptualize
+ easy to code
+ no algebraic solvers required
− stability limits on step sizes
− tracks fastest dynamics

+ less/nonexistent stability limits
+ steps over fastest dynamics
− requires algebraic solvers
− solvers generally couple all solution unknowns
− increased code complexity
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Adaptive time-step selection

§ Stability alone should never dictate the time steps used in an application.

§ Given a maximum stable step size, adaptive methods select         to obtain a desired solution accuracy:

— At each internal step, computes both the solution and an estimate of the error introduced in that step.

— If that local truncation error is small enough the step is accepted; otherwise a new step size is 
chosen that should provide sufficient accuracy, and the step is recomputed.

— Advanced “error controllers” adapt these step sizes to meet a variety of objectives:

• minimize failed steps

• maximize step sizes

• maintain smooth transitions in the step sizes as integration proceeds

§ Temporal adaptivity can lead to much more efficient (and accurate) results.

�tn
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§ SUNDIALS’ integrators consider initial-value problems of a variety of types:

— Standard IVP [CVODE]: 

— Linearly-implicit, split [ARKode]:

— Multirate [ARKode/MRIStep]: 
— Differential-algebraic form [IDA]: 

§ By “solve” we adapt time steps to meet user-specified tolerances:

— is the estimated temporal error in the time step
— is the previous time-step solution
— encodes the desired relative solution accuracy (number of significant digits)
— is the ‘noise’ level for any solution component (protects against            )

“Solving” Initial-Value Problems with SUNDIALS

ẏ(t) = f(t, y(t)), y(t0) = y0

error 2 RN
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y 2 RN
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F (t, y(t), ẏ(t)) = 0, y(t0) = y0, ẏ(t0) = ẏ0

M ẏ(t) = f1(t, y(t)) + f2(t, y(t)), y(t0) = y0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ẏ = fF (t, y) + fS(t, y), y(t0) = y0
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§ The TS module from PETSc provides a unified interface for solving implicit, explicit, and IMEX 
ODEs and DAEs:

— F(t,y,y’) – stiff portion of problem
— G(t,y) – nonstiff portion of problem

§ The Rythmos module from Trilinos considers ODEs and DAEs: 

— Trilinos is currently developing on a new “Tempest” package for IMEX methods as well, but 
this does not seem to be released/documented as of this talk.

§ All of these perform temporal adaptivity, and provide a rich set of algebraic solvers for implicit 
time integration methods.

Other DOE Time Integration Packages

F (t, y, ẏ) = G(t, y), y(t0) = y0
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Nonlinear solver overview

Nonlinear solvers must be iterative, since few nonlinear equations admit analytical solutions:
Given an initial guess,
While                          :

Update:

The two largest classes of nonlinear solvers are fixed-point vs Newton-based.

Fixed-point solvers typically utilize only F within the update formula G – these typically converge 
linearly (if at all), but may have a large domain of convergence.

— Basic fixed-point iteration:

— Damped fixed-point iteration:

— Picard iteration:

x(0)
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kF(x(k))k > tol
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Nonlinear solver overview

Newton-based solvers use both F and the Jacobian                            (or an approximation 
thereof) within the update formula G:

§ Since F is vector-valued, J is matrix-valued, so these require linear algebraic solvers as well.

§ These typically converge quadratically (or superlinearly, depending on how well J is solved). 

§ For most problems, Newton’s method is algorithmically scalable – as the mesh is refined, the 
number of iterations remains fixed, so scalability hinges on the linear system solver.

§ Most scalable linear solvers are themselves iterative, and benefit from a problem-specific 
preconditioner (or smoother) – an approximate solver for the “hard” components of the 
problem.

J(x) ⌘ @F(x)
@x

<latexit sha1_base64="mNRYdQe02L6xVnsWpsYOMIrkqVU="></latexit>
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§ SUNDIALS’ KINSOL package:
— Inexact Newton-Krylov, Picard, Fixed-point, and Anderson-accelerated Picard and fixed-

point nonlinear solvers
— Line search & inexact Newton globalization, residual/solution scaling, inequality constraints

§ PETSc’s SNES package:
— Nonlinear solvers including Newton, inexact Newton, nonlinear Krylov, nonlinear multigrid 

(FAS), …
— Line search & trust region globalization, inequality constraints

§ Trilinos’ NOX package (and sub-package, LOCA):
— Inexact Newton, Broyden, Anderson-accelerated fixed-point, Tensor, and pseudo-transient 

continuation nonlinear solvers (NOX)
— Line search & trust region globalization (NOX)
— Continuation & bifurcation analysis (LOCA) –

DOE Nonlinear Solver Packages: F(x) = 0, F : RN ! RN
<latexit sha1_base64="f2RBrPYuWR8J+oEUru3jvLUNArc="></latexit>

F(x,p) = 0, F : RN ⇥ RM ! RN
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Why use a solver library (instead of “rolling your own”)

§ Many applications (particularly early in the development process) prefer complete control over their software stack 
and build system, and therefore choose to implement all numerical methods manually.

§ While this can work, the resulting methods may be overly simplistic (e.g., straight out of “Numerical Recipes”) or even 
buggy, and do not benefit from advanced “expert” features.

§ Solver libraries, on the other hand, are typically bug-free, heavily tested, and admit numerous benefits:

— Time adaptivity (        ) – providing approximate solutions of requested accuracy with minimal work.  Libraries 
request your desired accuracy, not step size.

— Seamless integration with scalable algebraic solver libraries for implicit and IMEX problems.

— Include many advanced options for later use: temporal root-finding, forward/adjoint sensitivity analysis, 
globalization options (nonlinear solvers), …

§ For more information:
— SUNDIALS: https://computing.llnl.gov/projects/sundials
— PETSc: https://www.mcs.anl.gov/petsc/
— Trilinos: https://trilinos.github.io/

�tn
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Hands-on lessons

Switch over to web-based hands-on lesson instructions – webpage

Agenda:

1. Explicit time integration (HandsOn1.exe)

(lunch break)

2. Implicit / IMEX time integration (HandsOn2.exe)

3. Preconditioning (HandsOn3.exe)

https://xsdk-project.github.io/MathPackagesTraining/lessons/time_integrators/sundials
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Take Away Messages

§ SUNDIALS, PETSc, and Trilinos provide a wide variety of high quality, scalable ODE/DAE 
integrators and nonlinear solvers.

§ PDEs can be converted to ODEs/DAEs via spatial semi-discretization, and then solved using 
ODE/DAE libraries.

§ Stiffness is an important characteristic of ODEs, and helps dictate which methods are appropriate 
for any given problem.

§ Adaptive time-stepping provides an inexpensive means to combine algorithmic efficiency and 
solution quality.

§ Scalability of implicit and IMEX methods hinges on selection of robust and scalable algebraic 
solvers; while Newton methods can handle nonlinearities, robustness and scalability of the inner 
linear solver is critical (and often problem-dependent).
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Linear Stability – A brief refresher

A fundamental question for any time integration method is how well it handles errors due to floating-point 
roundoff. To this end, we consider the simple “Dahlquist” test problem:

§ Here, y corresponds to the normalized floating-point error, and    to the largest eigenvalue of the 
Jacobian of a prototypical ODE right-hand side function (assumed to satisfy                 ).

§ The true solution to this problem is just                   , which decays to zero as             , indicating that 
roundoff errors should decay as the simulation proceeds.

§ The numerical method, on the other hand, computes approximate solutions

that may (or may not) similarly satisfy the similar requirement that                                 .

§ Generally, this decay in numerical roundoff error will only occur for specific values of                      .  We 
therefore define the stability region for a method as 

y0(t) = �y(t), y(0) = 1
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<latexit sha1_base64="t84+pubHeJ0HjWiMk/zk1A58lv4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5LUgi5cFNy4rGIf0IQymdy2QyeTMDMplNA/ceNCEbf+iTv/xmmbhbYeGDiccw/3zgkSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5JCi8Y8lt2AKOBMQEszzaGbSCBRwKETjO/mfmcCUrFYPOlpAn5EhoINGCXaSH3b9h6h4nETCMklvsVO3y47VWcBvE7cnJRRjmbf/vLCmKYRCE05UarnOon2MyI1oxxmJS9VkBA6JkPoGSpIBMrPFpfP8IVRQjyIpXlC44X6O5GRSKlpFJjJiOiRWvXm4n9eL9WDGz9jIkk1CLpcNEg51jGe14BDJoFqPjWEUMnMrZiOiCRUm7JKpgR39cvrpF2rulfV2kO93KjndRTRGTpHFeSia9RA96iJWoiiCXpGr+jNyqwX6936WI4WrDxziv7A+vwBPyKSDg==</latexit>

y(t) = e�t
<latexit sha1_base64="Zs7wVLKw7VPJr/6pc0Kclsp8Jp0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkFnQjFNy4rGAf0MYymUzaoZMHMzdCDMVfceNCEbf+hzv/xmmbhbYeGDiccw/3znFjwRVY1rdRWFldW98obpa2tnd298z9g7aKEklZi0Yikl2XKCZ4yFrAQbBuLBkJXME67vh66ncemFQ8Cu8gjZkTkGHIfU4JaGlgHqUVOMNXmN1nfaFjHsEwGZhlq2rNgJeJnZMyytEcmF99L6JJwEKggijVs60YnIxI4FSwSamfKBYTOiZD1tM0JAFTTja7foJPteJhP5L6hYBn6u9ERgKl0sDVkwGBkVr0puJ/Xi8B/9LJeBgnwEI6X+QnAkOEp1Vgj0tGQaSaECq5vhXTEZGEgi6spEuwF7+8TNq1qn1erd3Wy416XkcRHaMTVEE2ukANdIOaqIUoekTP6BW9GU/Gi/FufMxHC0aeOUR/YHz+AOX9lDA=</latexit>

t ! 1
<latexit sha1_base64="xo9llv3WpuAFTLPtwAuT91/zca0=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lqQY8FLx4r2A9sQtlsN+3SzW7YnQgh9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5YSK4Adf9dkobm1vbO+Xdyt7+weFR9fika1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64XT27nfe2LacCUfIEtYEJOx5BGnBKz0CD4on8sIsmG15tbdBfA68QpSQwXaw+qXP1I0jZkEKogxA89NIMiJBk4Fm1X81LCE0CkZs4GlksTMBPni4hm+sMoIR0rbkoAX6u+JnMTGZHFoO2MCE7PqzcX/vEEK0U2Qc5mkwCRdLopSgUHh+ft4xDWjIDJLCNXc3orphGhCwYZUsSF4qy+vk26j7l3VG/fNWqtZxFFGZ+gcXSIPXaMWukNt1EEUSfSMXtGbY5wX5935WLaWnGLmFP2B8/kD8z6RDQ==</latexit>

yn+1 = �(�tn, yn+1, yn, . . .)
<latexit sha1_base64="7XDzTyAcMtkAf6YR6JBB2FbwHDc=">AAACGXicbZDLSgMxFIYz9VbrbdSlm2ARKkqZqQXdCAVduKxgL9ApQyZN29BMZkjOCGXoa7jxVdy4UMSlrnwb03YWWj0Q+PL/55CcP4gF1+A4X1ZuaXlldS2/XtjY3NresXf3mjpKFGUNGolItQOimeCSNYCDYO1YMRIGgrWC0dXUb90zpXkk72Acs25IBpL3OSVgJN92xn4qT9wJvsRefchL3jUTQDD48hRn1hTMzRO9CPSxbxedsjMr/BfcDIooq7pvf3i9iCYhk0AF0brjOjF0U6KAU8EmBS/RLCZ0RAasY1CSkOluOttsgo+M0sP9SJkjAc/UnxMpCbUeh4HpDAkM9aI3Ff/zOgn0L7opl3ECTNL5Q/1EYIjwNCbc44pREGMDhCpu/orpkChCwYRZMCG4iyv/hWal7J6VK7fVYq2axZFHB+gQlZCLzlEN3aA6aiCKHtATekGv1qP1bL1Z7/PWnJXN7KNfZX1+A+Y0nlM=</latexit>

yn ! 0 as n ! 1
<latexit sha1_base64="r9ASFAx1og8TqHTmcsYDZxr0HSw=">AAACC3icbVDLSsNAFJ34rPVVdelmaBFclaQWFLopuHFZwT6gCWEynbRDJ5MwcyOG0L0bf8WNC0Xc+gPu/Bunj4W2Hhg4nHMvd84JEsE12Pa3tba+sbm1Xdgp7u7tHxyWjo47Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYPx9dTv3jOleSzvIEuYF5Gh5CGnBIzkl8qZL7ELMbax23CBPUBO9MRtYGlEl8sQMr9Usav2DHiVOAtSQQu0/NKXO4hpGjEJVBCt+46dgJcTBZwKNim6qWYJoWMyZH1DJYmY9vJZlgk+M8oAh7EyTwKeqb83chJpnUWBmYwIjPSyNxX/8/ophFdezmWSApN0fihMBTbZp8XgAVeMgsgMIVRx81dMR0QRCqa+oinBWY68Sjq1qnNRrd3WK836oo4COkVldI4cdIma6Aa1UBtR9Iie0St6s56sF+vd+piPrlmLnRP0B9bnDyl0mng=</latexit>

�t� = z 2 C
<latexit sha1_base64="OJ0TLsPvQy7G8ZLu9vYxlgUCulU=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXZjQBshEAvLCOYB2RBmJ5NkyOzsMnNXiEt6G3/FxkIRW3/Azr9xNtlCEw8MHM65h7n3+JHgGhzn28qtrW9sbuW3Czu7e/sH9uFRS4exoqxJQxGqjk80E1yyJnAQrBMpRgJfsLY/qad++54pzUN5B9OI9QIyknzIKQEj9e2id80EEAyeMKEBwVf4AXtcYi8gMPb9pD7r2yWn7MyBV4mbkRLK0OjbX94gpHHAJFBBtO66TgS9hCjgVLBZwYs1iwidkBHrGipJwHQvmd8yw6dGGeBhqMyTgOfq70RCAq2ngW8m0w31speK/3ndGIaXvYTLKAYm6eKjYSwwhDgtBg+4YhTE1BBCFTe7YjomilAw9RVMCe7yyaukVSm75+XKbbVUq2Z15NEJKqIz5KILVEM3qIGaiKJH9Ixe0Zv1ZL1Y79bHYjRnZZlj9AfW5w9qk5n7</latexit>

S = {z 2 C : �z(yn) ! 0 as n ! 1}
<latexit sha1_base64="i+EOzhNqBBMJcVwgRPSBnxWrayA="></latexit>
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Linear Stability Example – Explicit Euler

Consider the explicit Euler method: 

For the Dahlquist test problem, this becomes

which only decays to zero if                          .

Hence the explicit Euler linear stability region is 

yn+1 = yn +�tf(tn, yn)
<latexit sha1_base64="RlxMQBJGZTampdnVp3gypH9duYI=">AAACDXicbVDLSgNBEJyNrxhfUY9eBqMQiYTdGNCLENCDxwjmAUlYZiezyZDZ2WWmV1iW/IAXf8WLB0W8evfm3zh5HDRa0FBUddPd5UWCa7DtLyuztLyyupZdz21sbm3v5Hf3mjqMFWUNGopQtT2imeCSNYCDYO1IMRJ4grW80dXEb90zpXko7yCJWC8gA8l9TgkYyc0fJW4qS84YX+LElbiEu9dMAMGA/SK48nSinrj5gl22p8B/iTMnBTRH3c1/dvshjQMmgQqidcexI+ilRAGngo1z3ViziNARGbCOoZIETPfS6TdjfGyUPvZDZUoCnqo/J1ISaJ0EnukMCAz1ojcR//M6MfgXvZTLKAYm6WyRHwsMIZ5Eg/tcMQoiMYRQxc2tmA6JIhRMgDkTgrP48l/SrJSds3LltlqoVedxZNEBOkRF5KBzVEM3qI4aiKIH9IRe0Kv1aD1bb9b7rDVjzWf20S9YH9+gPJlV</latexit>

yn+1 = yn +�t�yn = (1 +�t�)yn = (1 +�t�)2yn�1 = . . . = (1 +�t�)n+1y0 = (1 +�t�)n+1
<latexit sha1_base64="/OU74eDjZZsBDYE02i4uwBN1TIk="></latexit>

|1 +�t�| < 1
<latexit sha1_base64="R0zYY/AaHPZ3t/6d/RRBNIBIjmg=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSAEhLAbA1pYBLSwjGAekA1hdnI3GTL7YOauEGJ+wcZfsbFQxNbOzr9xkmyhiQcuHM65d+be48VSaLTtbyuzsrq2vpHdzG1t7+zu5fcPGjpKFIc6j2SkWh7TIEUIdRQooRUrYIEnoekNr6Z+8x6UFlF4h6MYOgHrh8IXnKGRuvmiK8HHB+rQU+peg0RGkbrSPNBj1FWiPzDmJXVy3XzBLtkz0GXipKRAUtS6+S+3F/EkgBC5ZFq3HTvGzpgpFFzCJOcmGmLGh6wPbUNDFoDujGcXTeiJUXrUj5SpEOlM/T0xZoHWo8AznQHDgV70puJ/XjtB/6IzFmGcIIR8/pGfSIoRncZDe0IBRzkyhHElzK6UD5hiHE2I0xCcxZOXSaNccs5K5dtKoVpJ48iSI3JMisQh56RKbkiN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/poea9A==</latexit>

S = {z 2 C : |1 + z| < 1}
<latexit sha1_base64="kQhQf64jOQWKUIIMV9FoXyWrh+U="></latexit>

From https://en.wikipedia.org/wiki/Euler_method

https://en.wikipedia.org/wiki/Euler_method


19ATPESC 2019, July 28 – August 9, 201919

Linear Stability Example – Implicit Euler

Consider the implicit Euler method: 

For the Dahlquist test problem, this becomes

which only decays to zero if                          .

Hence the explicit Euler linear stability region is 

yn+1 = yn +�tf(tn+1, yn+1)
<latexit sha1_base64="90rsScit30E5balVpOXPUYB9uyA=">AAACFXicbVDLSgMxFM34rPVVdekmWIRKS5lRQTdCQRcuK9gHtGXIpJk2NJMZkjvCMPQn3Pgrblwo4lZw59+YtrPQ1gOBwznncnOPFwmuwba/raXlldW19dxGfnNre2e3sLff1GGsKGvQUISq7RHNBJesARwEa0eKkcATrOWNrid+64EpzUN5D0nEegEZSO5zSsBIbqGSuKksO2N8hRNX4jLu3jABBAP2SzCzKjjLnLiFol21p8CLxMlIEWWou4Wvbj+kccAkUEG07jh2BL2UKOBUsHG+G2sWEToiA9YxVJKA6V46vWqMj43Sx36ozJOAp+rviZQEWieBZ5IBgaGe9ybif14nBv+yl3IZxcAknS3yY4EhxJOKcJ8rRkEkhhCquPkrpkOiCAVTZN6U4MyfvEiap1XnrHp6d16snWd15NAhOkIl5KALVEO3qI4aiKJH9Ixe0Zv1ZL1Y79bHLLpkZTMH6A+szx83LJxN</latexit>

yn+1 = yn +�t�yn+1 , yn+1 = (1��t�)�1yn = . . . = (1��t�)�(n+1)
<latexit sha1_base64="G5jZJqY3HKauNxQK9PiLh1xF2h8="></latexit>

|1��t�| > 1
<latexit sha1_base64="T9pkaH8LbhRuoTfmJx+rXLHT+6U=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSCkMezGgFYS0MIygnlANoTZyd1kyOyDmbtCiPkFG3/FxkIRWzs7/8ZJsoUmHrhwOOfemXuPF0uh0ba/rczK6tr6RnYzt7W9s7uX3z9o6ChRHOo8kpFqeUyDFCHUUaCEVqyABZ6Epje8mvrNe1BaROEdjmLoBKwfCl9whkbq5ouuBB8fqENPqXsNEhlF6krzQI9RV4n+wJiX1Ml18wW7ZM9Al4mTkgJJUevmv9xexJMAQuSSad127Bg7Y6ZQcAmTnJtoiBkfsj60DQ1ZALoznl00oSdG6VE/UqZCpDP198SYBVqPAs90BgwHetGbiv957QT9i85YhHGCEPL5R34iKUZ0Gg/tCQUc5cgQxpUwu1I+YIpxNCFOQ3AWT14mjXLJOSuVbyuFaiWNI0uOyDEpEoeckyq5ITVSJ5w8kmfySt6sJ+vFerc+5q0ZK505JH9gff4ArNma+A==</latexit>

S = {z 2 C : |1� z| > 1}
<latexit sha1_base64="nx/JdfRXEH/YspAbkQR57jVmohs="></latexit>

From https://en.wikipedia.org/wiki/Backward_Euler_method

https://en.wikipedia.org/wiki/Backward_Euler_method

